Pl = performance index
Q = reactant flow rate, cu. ft./sec.
Q¢ = cooling water flow rate, cu. fi./sec.
R = gas constant, B.t.u./(1b.-mole)°R.)
s = Laplace transform variable
T = temperature, °F. or °R.
t = time
U = overall heat transfer coefficient, B.t.u./(sec.)
(sq. ft.}(°R.)
V = volume, cu. ft.
W = process parameters excluding adjustable controller
parameters

Greek Letters

p = density, 1b./cu. ft.
T = time
w = frequency

Subscripts

C = concentration
C = controller
¢ = cooling water

{ = inlet

i = index

j = index

o = initial value
p = process

Sp = signal preceding adjustable parameter in control loop
ss = steady state
set = set point

T = temperature
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Parameter Sensitivity of Systems
Described by Nonlinear Ordinary
Differential Equations

R. J. RAYZAK and REIN LUUS

University of Toronto, Toronto, Canada

An approximate analytical method is developed to estimate the parameter sensi-
tivity of the solution of a set of nonlinear ordinary differential equations describing
a system which exhibits periodic behavior. An approximate solution is constructed
in terms of both the approximate periodic solution determined from Galerkin equa-
tions and the envelope and phase of the oscillation away from such o periodic solu-
tion. Parameter sensitivity information is then obtained by examining the parameter

variction effect on the approximate solution.

Examples of two- and three-dimensional nonlinear systems illustrate this proce-
dure and show that the effect of parameter change on the solution is predicted with
sufficient accuracy to make this method useful for nonlinear analysis.

The behavior of an engineering system under normal
operating conditions is influenced by parameter distur-
bances. If an analytical solution to the set of nonlinear
ordinary differential equations describing such a system
were available, the effect of parameter changes could be

R. J. Rayzak is with Polymer Corporation Limited, Sarnia,
Ont., Canada.
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determined in a straightforward manner. However, it is
usually difficult or impossible to obtain an analytical so-
lution to nonlinear differential equations. This difficulty
has motivated the use of approximations for the analysis of
a nonlinear system. Linearization of the set of differential
equations is valuable, but it frequently fails to describe
the system behavior in a region not very far from the singu-
lar point about which the linearization is performed. Fur-
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thermore, linearization gives no information about the size
of a stability region or the existence of limit cycles, the
knowledge of which is important in engineering design.
Linearization combined with the numerical integration of
the set of nonlinear differential equations has been suc-
cessfully employed (1, 35) but could become rather tedious
in the investigation of the effects of parameter changes.
To overcome the restrictions of this linear analysis fol-
lowed by numerical integration, nonlinear behavior has
been investigated by quasilinear techniques in which the
nonlinearities are considered ‘‘small’’ (4, 10, 17, 23, 25 to
28, 38). These techniques, however, have limitations in
analyzing a highly nonlinear system of dimension greater
than two.

Recently, Luus and Lapidus (20, 22) developed an aver-
aging technique which overcomes the limitation of requiring
the nonlinearities to be small, but this method is restricted
to the analysis of a set of two first-order differential equa-
tions. Reid’s extension of this averaging technique to a

1

by

m
¥i :Z a;jcos jJ{Qe + wh
j=0

m
+ bijsin j(Pe+wt); i=1,2,---,n (2)
j=1
where @, is the constant equilibrium phase, and the coef-
ficients aij and b;;j are to be determined so that the average
square error deviation from the true periodic solution is

minimized. To obtain these coefficients we first define the
vector

N=(, .-

gy v

©y AN 2malyn)
oy bam) (B

sy @noy Gyy,y =+ % s Gnms Dyyy =

where ” is used to denote the transpose, and the averaged
integrals

to+T .
Qi (A Pe, R :if ° [y; = fily, t, ©]1 cos j(ge +wdddt; j=0,1, -+, m
¢

[

(4)

1 to+ T . .
Pii(A @e, B =7 f lyi—fily,t, Bl sin j(@e + wOdt; j=1,2, -0, m
t

0

three-dimensional system by means of planar projections of
the trajectories has been successful only in very special
cases (30). Certain sets of highly nonlinear differential
equations in canonical form can be analyzed by the non-
linear transformation technique of Dasarathy and Srinivasan
(9) or the principle of harmonic balance term minimization
developed by Ludeke and Wagner (27). Unfortunately,
these two methods of analysis are not applicable to a set
of first-order nonlinear differential equations which are not
in canonical form.

Several approaches have been developed to determine the
effect of parameter changes on system behavior by examin~
ing parameter sensitivity fuctions of either the solutions to
differential and differential-difference equations (7, 16, 19,
33, 36, 39, 41) or the performance of controlled processes
(2,3,6, 12,13, 18, 24, 29, 31, 32, 34, 37). In many appli-
tions these techniques require extensive numerical calcu-
lations. Thus a more convenient approach is desired.

In this paper a parameter sensitivity analysis is de-
veloped by constructing an approximate analytical solution
to the set of differential equations in terms of an oscilla-
tion whose envelope and phase are away from those of an
approximate periodic solution. The effect of parameter
changes on the approximate solution estimates the parame-
ter sensitivity of the system.

STATEMENT OF THE PROBLEM

Consider a system described by the vector differential
equation
dx _ % =f(x,t, k) (1
dt

The system is assumed to have a periodic solution with
period T = 27/w. It is required to determine the effect of a
change in k on the general solution to Equation (1) from an
arbitrary starting condition.

APPROXIMATE PERIODIC SOLUTION

Let us approximate the periodic solution to Equation (1)
by the n-dimensional vector y whose elements are defined
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where i = 1,2, ..., n, t,1s some arbitrary time, and T de-
notes the time over which the averaging is performed. For
convenience we let the integrals defined by Equation (4) be
the elements of a vector ® defined by

®’(A, CPe, k) :((I)“ MY ®(2m+1)n)

:(Qlos "'»Qnov Q1n "’sQnma Pu) e 9an) (5)

The best values for the coefficients a;j and b;;j are ob-
tained when the vector defined by Equation (5) vanishes
over the period of y, that is, T = T, to become the set of
Galerkin equations (5, 8, 11, 14, 15, 40).

DA, Pe, k) =0 (6)

Equation (6) is also called the set of determining equa-
tions, since Cesari showed that if it is satisfied, the ex-
istence of a periodic solution is assured (5).

PARAMETER SENSITIVITY OF THE APPROXIMATE
PERIODIC SOLUTION

In some cases Equation (6) can be solved analytically to
yield A as an explicit function of k. Then, differentiation
of A with respect to k gives the parameter sensitivity of the
coefficients of the approximate periodic solution, and
hence the sensitivity of the approximate periodic solution
itself, If Equation (6) is difficult to solve analytically, a
numerical method can be used. As an alternative to solv-
ing Equation (6) for several values of k, we may solve this
equation only once for a specified value of the parameter,
denoted by k,, to yield

Ao = Alky) (7)

Then, to obtain both the coefficient vector A and its pa-
rameter sensitivity dA/dk, we differentiate Equation (6)
with respect to k; that is

do  (o0\ dn 00
dk‘(&)dk*ak‘o @
Rearrangement of Equation (8) yields the differential
equation
dA 00\ 1 90
dk [(a,\ > } ok @
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if the inverse exists, Equation (9) gives both the parame-
ter sensitivity of A and, when integrated from the initial
condition given by Equation (7), the solution of Equation
(6) over a range of k.

If only the parameter sensitivity of the periodic solution
is of interest we may stop here. However, since the pri-
mary concern is to determine the parameter sensitivity of
the general solution corresponding to an arbitrary initial
condition, it is necessary to continue the development.

APPROXIMATE GENERAL SOLUTION

Starting at an arbitrary initial condition, the general so-
lution to Equation (1) is an oscillation whose period is
usually time dependent and thus different from that of the
periodic solution. The change in amplitude from period to
period of such an oscillation is given by its envelope.
Therefore we approximate the general solution, denoted by
z(t), by a scalar envelope v(#) and an n-dimensional vector
u(?) whose elements u; are functions of the same form as
Equation (2) but with a time-dependent phase @(#); that is

m
zi=v(Du;=v(p Z aij cos j [@(d) + wil
Jj=0

+ Z byjsin j Lo + wd b (10)
=1

The function @(#) is introduced to account for the differ-
ence between the periods of u; and y;. The time T in
Equations (4) is taken to be the period of u;,

If z approaches a stable periodic solution, we have from
Equation (10} that

lim u; - (1)
t-»o00
and that
lim p =1 (12)
t—>o0

The two unknowns, v(#) and ¢(#), are now determined in
a manner analogous to the variation of parameter technique

and

Then, combining Equations (13) and (15), multiplying by

dvu’ .
vu , and rearranging terms, we get

d(o + wb)
cp( dov >( dvu >_< dvu’ >
dlo+ o)/ \d(p+ot)/ \dlg+wb
dvuu dvu’
—) e f — 16
X[ wd(<p+wt)+ e, t’k)]+d(cp\+wt)e 18

If we let the average values of the weighted error terms in
Equations (14) and (16) vanish over the assumed period of
the oscillation T, the functions v and ¢ can be determined
from the resulting equations:

‘to+ T to+T .
lf ° &u’udt=—1—f° o' lvi - fou, ¢, Bl (D
T t T t

and

to+ T . ,
1_]' :P< dvu )( dvu )dt
T b d(@ + o)/ \d(P + wi)

1 o+t gow > [ dvu
- — 0 ————— ¢+ flou, t, )| dt (18)
T_[U <d(€p+wt) wd((p+a>t)+ vt

Since Equations (17) and (18) are generally difficult to
solve, estimates for v and @ are obtained instead, by in-
troducing suitable approximations into these equations.
First, at time t*, where ¢, <¢* <t,+ T, let v and @ take
on some average values v* and ¢*, representative of the
envelope and phase which we assume do not change much
over one period, and let v = v*, P = @* over the entire
period. At the same time, the tendency of v and @ to
change over successive periods is given by the approxi-
mate derivatives v* and ¢*, which, from Equations (17)
and (18), become

to+T
—%fﬁ u lv*u - flv*ky, ¢, R)1dt
t

g (19

1 to+T
—fo uudt
T

to

v¥ =

dv¥u

1_ft°+T< dva’ > _
T J, d(9* + wt)

f(v*u, ¢, k) | dt
d(cp*+wt)+ o ]

(20

l_ft°+T< dv*u’ > dv*u )dt
T b dlg* + o)) \d(@* + wb)

for finding the general solution of a linear vector differen-
tial equation once the homogeneous solution is known (see
reference 20, p. 21). Substitution of the approximate solu-
tion as given by Equation (10) into Equation (1) yields

z=ou+vu=flvu t, k) + € (13)

where € is an error term arising from the approximation.
Multiplying Equation (13) by u” and rearranging terms yield
the scalar differential equation for the envelope

suu=-uwlvu-flvuy t, R +u ¢ (14)
To develop a differential equation for @ we first express
the time derivative of z by

R dvu d(P + wt) dvu .
Z = = (CP+C!)) (15)
d(Q + w) dt d(Q + wt)
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If v and @ change over successive periods, the right-hand
sides of Equations (19) and (20) yield nonzero values
which indicate the change.

Since v* and @* are taken to be constant on the right-
hand sides of Equations (19) and (20), integration with re-
spect to time in these equations can be performed explic-
itly. To carry out the integration we introduce three new
vectors:

L, ay, anm by bnm>
)\za,...,am, Tttt T/ T/ttt T (21)
(w V2 V2 V2 V2
)\;n = (axu zaus e, manm, by, 2b1zy <o, mbam) (22)
and
I =Ty cee s Dy oon Ty eee TS, ooe, Toim,
I“fﬂ R N Ffj’ cee, TG, -, TED) (28
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where
e =75 W', 9% B
1 to+T
-7 filv*u, t, k) sin jo* + wt)dt (24)
LO
and

re - ngw*)‘, o*, R

1 tot

T
T filv*u, t, k) cos j(@* + wtddt (25)

to

Using Equations (5) and (21) to (25), Equations (19) and
(20) give

EN A ==X QH A, g%, k) (26)
and

@* N A = Ain [—mm + 2T, o, k)] 20
U

Equations (26) and (27) are used to approximate the func-
tions v and @ over successive estimated periods. If, as
was previously assumed, the functions v and ¢ do not
change much over one period, they may be approximated by
the time-dependent solutions to the differential equation
counterparts of Equations (26) and (27); that is

INA=-NBWA, ¢, R (28)

and 9
PAmAm = Am [—mm + T, o k)} (29)

Equations (28) and (29) with Equation (10) provide an ap-
proximate solution to Equation (1) for an arbitrary initial
condition. This approximate solution is a function of the
parameter k and thereby incorporates any change in the
parameter.

STABILITY OF THE PERIODIC SOLUTION

Equations (28) and (29) also specify the system’s stabil-
ity. For a nonautonomous system, the periodic solution is
stable if Equations (28) and (29) show that v — 1 and
@ — Qe as ! — o, For an autonomous system, fis not
explicitly periodic in ¢ and therefore Equation (28) is inde-
pendent of . In this case the phase @ is arbitrarily
chosen to be zero, and Equation (28) is used alone to es~
tablish stability simply by following v as t — oo.

If it is not possible to integrate Equations (28) and (29)
analytically, the stability information can be readily ob-
tained by the perturbation approach. To illustrate this
procedure for an autonomous system, we introduce into
Equation (28) the perturbation around v = 1:

v=1+dv (30)

Then, expansion of Equation (28) in a Taylor series, and
retaining terms up to second order, give

e o,n L[ o0®” 1
SON A==\ Adv — = A SA(Bv)? (3D
JuA v=1 2
where
( azq)l ]
AN
vy a(v/\p)

- ' z.=1,2,---,(2m+1)n (39)
i=1L,2, .., C2m+Dn

,( *P2m+1)n >

I dlurj) Jo=1
is a 2m + l)n_by (2m + D n second derivative matrix and
both matrices in Equation (31) are evaluated at a solution
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to Equation (6). From Equation (31) a sufficient condition
for the asymptotic stability of the periodic solution is that

o’
v

the quadratic form A~ < > X be positive.
v=1

When

X<a®) A=0, A#£0,
JvAJug

the periodic solution is semistable, stable from the outside
if A“SA > 0, and stable from the inside if X"SA <0. More-
over, variation of the parameter in these quadratic forms
gives the parameter variation of 8v, thereby estimating the
parameter sensitivity of the rate of convergence of zto a
periodic solution.

SIMPLIFICATIONS FOR COMPLEX SYSTEMS

If Equation (6) does not readily yield a solution, imple-
mentation of the forgoing method of analysis is difficult
and must be simplified. The approach taken is to start
with a two-dimensional system and to extend to a higher
dimensional system. Thus we first consider the set of dif-
ferential equations

3%, = fi(xy, x,, t, R) (33)
X, = fo(xy, X5, 1, B)

where x =0 is an isolated singularity different from a sad-
dle point. The set of equations chosen to approximate the
periodic solution is
y‘=rc?s((pe+wt) } (34)
v, =7 sin (P + wb) + Or cos (Pe + wi)
where r is a positive constant and o is introduced to match
stability of the singularity predicted by the nonlinear anal-
ysis to that known from linear analysis of Equations (33).
The details of this matching procedure are presented in
Example 3.
From Equations (3) and (22) the coefficient vectors X and
Am for Equations (34) become

NG, =0,0,r, ar, 0, 0 (35)
and
Xnlr, 0) =(r, ar, 0, 1) (36)

In this simplified procedure the coefficient r is not ob-
tained by solving Equation (6) but rather by satisfying the
conditions v =1, @ = 9, in the envelope and phase equa-
tions (28) and (29); that is

ori(1 + 0.5 0% = -rl@,, (v Alr, ), @, k)
+ 0@, (WAl @), @, B + P, (wAlr, ), @, B] 3D
$ri@ + o? = —wr® (2 + 03

2 (WAl 0, 9, B+ aTE WAL 0, 9, B
U

+ T5 (Al o), 9, ] (38)

If Equations (33) are autonomous, the envelope v is es-
tablished from Equation (37), which is now independent of
p, and we may write

0r*(1 +0.50% = ~rF(wAlr, o), 0, k) (39)

The coefficient r is determined as a function of % and o by
solving Equation (39) after letting v = 1; that is

F(A(r, o), 0, k) =0 (40)

To obtain stability information by the perturbation ap-
proach, Equation (30) is substituted into Equation (39) to
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TABLE 1. SIMPLIFIED STABILITY CRITERION FOR
AUTONOMOUS SECOND-ORDER SYSTEMS (r > 0)

oF
<0 Unstable limit cycle
Vi,
2
a°F >0 Semistable limit cycle,
(dun? stable from outside
oF — 0 v=t
riy= a’F 0 Semistable limit cycle,
(ovn? vet stable from inside
F
9F >0, Stable limit cycle
ATy

give the approximate envelope equation corresponding to
Equation (31):
561 +.500 -9 | 5, 1 OF
dvrl,_ 2 (dun*i,y

(v)* 4D

The conditions of stability for Equations (34), predicted by
Equation (41) using r obtained from Equation (40), are
listed in Table 1. The partial derivatives in Table 1 yield
the range of k, in terms of o, for the stability of a periodic
solution. The coefficient o is then selected by matching
the exact range of k for stability of the singularity of Equa-
tions (33), known from linear analysis, to the range of &
specifying the instability of a periodic solution.

Since o is now known, r is a function of k only. A
scalar sensitivity differential equation for r can be ob-
tained by differentiating Equation (40) with respect to k
and rearranging terms to give

dr __OF(r,a), 0,k / IFr,a), 0, k)
dk ok or

The initial condition of Equation (42), r(k,), results from
the solution of Equation (40) at some value of k.

The parameter sensitivity of 8¢ is indicated by the ex-
plicit parameter dependence of the partial derivatives in
Table 1.

To extend such simplification to an n-dimensional sys-
tem for which £(0, ¢, k) = 0, we use Equations (34) to ap-
proximate the periodic behavior of the first two state vari-
ables and approximate the periodic behavior of the
remaining n-2 state variables by taking m =1 in
Equation (2):

(42)

Yi=Q + a; o8 (P + 0+ bj; sin(@e + wt);
i=3,4,v0,n (43)

The coefficients a;,, a;,, and b;,, which are generally
functions of k, o, r, and @,, are obtained from 3 (n -~ 2) de-
termining equations. Replacing r and 9. by vr and 9, re-
spectively, Equation (43) then yields known functions in
the first two differential equations; that is

351 =fi(Xsy Xpy Y3y Yas o5 Yo 1, B)

X, =f,{(x,, Xy3 Y3y Vao

A special class of systems which is not as difficult to
analyze as the general system we have been considering,
and requires less stringent approximations, is represented
by the set of differential equations in canonical form:

ey Y b k)

X =X,

322 = X3
(44)

Xn_1 =Xp

Xn = [(X,t, k)
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The approximate periodic solution to Equations (44) can
be obtained from y, and its time derivatives, so we have
more freedom to choose a better approximation than that
suggested by Equations (34). For example, as a first ap-
proximation we may let

Yy = Qyo + @y €08 (P + wit) + by, sin(Pe + wt)  (4D)

and corresponding to this approximation the best choice for
y, in the determining equations is the time derivative of y,;
that is

¥, = —~w @y Sin (P, + wb) + w by, cos (Pe + wit)  (46)

Similarly, v, ¥4, +*+ , yn can be derived in a straightfor-
ward manner by successive differentiations.

EXAMPLES

The numerous approximations that have been introduced
necessitate a careful test of the feasibility of this method
of analysis in estimating the parameter sensitivity of the
solutions of nonlinear differential equations with sufficient
accuracy to be of practical value. For simplicity in illus-
trating the method of analysis, the first two examples are
second-order systems written in the canonical form. The
third example is a set of three first-order nonlinear differ-
ential equations describing a polymerization reaction in a
continuous stirred-tank reactor.

Example i

To illustrate the sensitivity analysis and to test its ap-
plicability in analyzing two-dimensional autonomous non-
linear systems, let us consider the system

X1 =Xz
. P
X, = =X, ~ X, 1—-3—+kx2 47

where k is a positive adjustable parameter.

To provide a means of selecting the frequency w of the
nonlinear periodic solution, the damping term in Equa-
tions (47) is dropped to give the equations for the harmonic
oscillator:

X, =-X,

=% } (48)

A reasonable choice for w is the frequency of the periodic
solution of Equations (48), which yields @ =-1. Then,
setting ¢ = @, = 0 because Equations (47) are autonomous,
the first approximation (m = 1) to the nonlinear periodic so-

lution chosen according to Equations (45) and (46) is
Yy = Qo +.a11 cos (=1) + b, sin (= 1) (49)
¥, = @y, sin (=f) = b, cos (=1)

Since y, = y,, the determining equations corresponding to
the first state variable are identically zero. The deter-
mining equations for the other state variable are evaluated
from Equations (6) and (47). Taking i =2, j =0 we get

D, = Q,0(A, 0, ) =

L flotT |, ¥
:_f Y+ Y+ Y2 (1—~+ky2 di =0 (50)
), 3

Substitution of Equations (49) into Equation (50) and
integration yield

@00, 0,R =a,,=0 (51
Taking 7 =2, j = 1, Equations (6) and (47) give
P, = sz()‘a 0, k)

1 L+ T [, y2
=“j yz+y1+yz(1—i+ky; cos (-0 dt =0 (52)
T o 3
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and
D, =P, (A 0,k
2
= }.ftﬁ’t [yz PV (1 _%4. ky})] sin (=dt =0 (53)
T
tO

Substitution of Equations (49) into Equations (52) and (53),
integration, and rearrangement of terms give

Q. (A 0, k)

b, 19
== '81—1 [5 klal, + bi)? ~{a? + bi) + 4} =0 (54

ali

5
P, () 0, R) = 3[5 k(a2 + b2)? = (@ + b%) + 4}: 0 (55)

A solution to Equations (54) and (55) is related by one
equation in two unknowns:

1+V1-40k
5k

This gives freedom to choose one of the unknowns. For
simplicity we let b,, ~ 0. Then, from Equations (54) and
(55) the only determining equation which is not identically
zero is

; 0 <k £0.025 (56)

2 2
Qg + bu =

5 afl al]
P,,(,O,R) = —ka}, ~—+—=0 (57
utA 6% gty
and from Equation (56)
1 +V1-40k
@y, = —5k——; 0 <k <0.025 (58)

From Equations (49), a,, is identified as the radius of the
approximate limit cycle

¥, = Gy, €08 (=) }

¥, = @y, sin (=1

(59)

The parameter sensitivity of the limit cycle can be ob-
tained by differentiating Equation (58) with respect to k or,
more simply, by differentiating Equation (57); that is

da,, ~5al,
dk 25kat, -6ai +8

(60)

where a,, is given by Equation (58)., When q,, and da,,/dk
in Equations (58) and (60), respectively, are plotted with %
as independent variable, Figures 1 and 2 result. From Fig-
ure 1 we see that for k& = 0.025 a single limit cycle of
radius a,, = 22 is predicted, and as k is decreased, two
limit cycles are predicted. When & — 0 the outer limit
cycle radius becomes infinitely large and the inner limit
cycle radius approaches 2. For k& > 0.025 there are no

real values of a,, and we conclude that a limit cycle cannot
exist. Figure 2 shows the parameter sensitivity of the
limit eycle radii as a function of k. The outer limit cycle
radius is seen to be more sensitive to a parameter change
than the inner limit cycle radius, both cycles becoming
very sensitive as & — 0.025.

We now estimate the behavior of the general solution to
Equations (47) by means of the envelope perturbation Equa-
tion (31). Since Equations (47) are a:atonomous, the phase
equation is not required. The vector of the coefficients of
Equations (59) is

A =(0,0, a,,0,0, a,,) (61
and the vector ®(v A, 0, k) becomes
P (vA 0, R =(0,0,0,0,0, P, (v, 0, ) (62)
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Fig. 1. Approximate radii of limit cycles of Equations (47).
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Fig. 2. Parameter sensitivities of radii of limit cycles

of Equations (47).

where, from Equation (57)

5
Pu(od 0, ) = 2 bu*af, - e (6

The first derivative quadratic form of Equation (31) is then
evaluated to be

,<a<1>’> L 9P, (A0, B
EFYEN =0, 5
al))\ v=1

avall

v=1
25 3 1
=ap, [i@ kat, -3 @ +,§] (64)

Similarly, the second derivative quadratic form of Equa-
tion (31) is

0*P, (v, 0, B)

ANSA=a} Goa)?

4

v=1

=afx{?§ka3 —-?-a ] (65)
11 4 11
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Equation (31) is then simplified using Equations (64) and
(65) and dividing by a?, to obtain

. 25 3 1
ov = - Mkafl——af1+§ Sv

16 8
”1{ kad, - - (6v)? (66)
as, a,, v

2

Equation (66) is of the same form as Equation (41) and sta-
bility can be determined from Table 1. For k = 0.025,

a;; = 2,/2, the coefficient of 5v in Equation (66) vanishes
but the coefficient of (6v)? is negative. Therefore the limit
cycle with radius‘a,, = 2/2 is semistable, stable from the
outside. This result is confirmed by numerical integration
of Equations (47) for which the computed and predicted or-
bits are given in Figure 3. For 0 <k <0.025, Equation (66)
establishes that the coefficient of dv is positive when

2 <a,, <22 and is negative when a,, > 212. Therefore
the inner limit cycle is unstable while the outer limit cycle
is stable. Figure 4 shows good agrecment between the
computed and predicted limit cycles for & = 0.02. If

k > 0.025, no limit cycle exists and the stable equilibrium
point x, = x, = 0 is approached from every point in the

x, — x, plane.

In addition to its use for establishing stability informa-
tion, the partial derivative in Equation (64) is used to esti-
mate the rate at which the general solution either leaves or
approaches a limit cycle as k is varied. Figure 5 shows
that the stable outer limit cycle is approached rapidly for
small & but that this rate of approach decreases as
k — 0.025. Alternatively, the solution leaves the un-
stable inner limit cycle with a rate which is relatively
slower and which varies slightly over the range 0 <k <
0.025. The confirmation of these predicted results by nu-
merical integration of KEquations (47) gives us confidence
in using this method to analyze other two-dimensional
autonomous systems.

Example 2

To test this method of analysis for nonautonomous sys-
tems, let us determine the limit cycle behavior of the

T T T T T T T T

PREDICTED CYCLE

COMPUTED
CYCLE

i i A L A A A

=4 -3 -2 -1 0 I 2 3 4
xl

Fig. 3. Predicted and computed limit cycles of Equations (47);
k = 0,025.
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T T T T T T T T
COMPUTED
CYCLES E

PREDICTED
CYCLES
Il 1 L 1 A L 1
-4 -3 -2 -l (0] | 2 3 4
X,
Fig. 4. Predicted and computed limit cycles of Equations (47);
k =0.02,
T T T T
18 + J
16 + E
14 F B
- 12+ OUTER CYCLE, 0,>2 ./ 2 .
n
—> 10 + -1
= 8 | ]
2. ef 1
S atf :
Tl
2 4
0
-2 I INNER CYCLE , 0,<2./2
1 i

0 0005 00l 0015 0-02 0-025

K

Fig. 5. Parameter variation of general solution's rate of
approaching or leaving limit cycles of Equations (47).

van der Pol equation with a forcing function whose fre-
quency is equal to the frequency of the unforced system.
Such a system is written in the canonical form

Y1 =% } ©7

%, =—x, + (1 =xPx, + A sin ot

where € >0, w = ~1 and A is the amplitude of the forcing
function. It has been shown that for A >0 and € >0, a so-
lution of Equations (67) is a stable limit cycle whose am-
plitude is bounded and can be accurately predicted by the
averaging technique (20). In this example we show further
that for certain values of A and &, an unstable limit cycle
is contained in this stable limit cycle.
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From Equations (45) and (46) a first approximation to the
periodic solution of Equations (67) is chosen to be

)
! } (68)

Since y, = y,, the determining equations for the first state
variable are identically zero. The determining equations
for the remaining state variable are evaluated from Equa-
tions (6) and (67), which, for i = 2, j =0, gives

CDZ = on(/\a CPe, k)

Y1 =y + @, €08 (Pg = 1) + by, sin (@e ~

¥, =y, 8in (Qg = 1) ~ by, cos (@e - 1)

1 Lo+ T .
=?f [y, +y, -l -y)y, + Asint]l dt =0 (89
tO

Substitution of Equations (68) into Equation (69) and inte-
gration yield

QoA Pe, k) =a,, =0 (70

With ; = 2, j = 1 the determining equations are

1 Lo+ T .,
(I)4 = sz(}\’ Pe, k) = ;f [yz + ¥y
t

0
~e(1 -9y, +Asintlcos (Pe —Ndt =0 (71)

and

1 to+ T .
&, = P, (A, cpe,k)z*fo ly, + v,
T
tO
-l -ydy, +Asintlsin (@, - Ndr=0 (72)

Substitution of Equations (68) and (70) into Equations (71)
and (72) and integration yield
=

€ 2
Qu()\a Pe, k) = 5 bu - 8_ ayy bl

£ A .
1~8_bfl+2~sm Qe =0 (73)
and

€ 3
le()\! Pe, k) 2-2‘(1“ +§au bfl

v Ea —gcos Go =0 (74)
Equations (73) and (74) relate the three unknowns a,,, b,,,
and @, and give freedom to choose a feasible solution as

was the case of the previous example., If we let b,, =0,
Equations (73) and (74) become

A sin @e =0 (75)
2
and
Biafl-—;au—g-cos Pe =0 (76)

Since A £ 0, Equation (75) yields sin ¢e = 0; that is,
@, =0 or 9e = 7. By choosing an adjustable parameter
to be

= %cos Pe (77)

one can write Equation (76) as
a}, —4a,, -4k =0 (78)

where, from Equations (68), a,, is the radius of the approxi-
mate limit cycle:

¥, =@y, cos (Pe — 1) } 79)

Y2 = @y, sin (e ~ 1)

Equation (78) can be solved analytically but such a proce-
dure is cumbersome. Instead, we differentiate Equation
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(78) with respect to k and obtain the sensitivity differential
equation, which through numerical integration directly
yields a,, and da,,/dk. Performing the differentiation and
rearranging terms, we get

4 i
doy 4/t (80)
de 3a, -4 3

Assuming a,, > 0 and setting k = 0 in Equation (78) yield
two feasible initial conditions for Equation (80):

a,,{0) =0 (81)
and
a,,(0) =2 (82)

With initial condition (82), Equation (80) is integrated for-

ward with £ > 0 and backward in the range ‘/g <a, <2
corresponding to -0.77 <k <0. With initial condition (81),

Equation (80) is integrated backward in the range
0<a, < /%—for -0.77 <k <0. Figures 6 and 7 show the

limit cycle radii and the absolute values of their parameter
sensitivities, respectively, predicted from this integration.

In order that a limit cycle be stable, it is necessary that
its equilibrium phase be stable. This i1s established
through the phase equation (29) with the coefficient vec-
tors defined by Equations (3) and (22):

X =(0,0, a,, 0,0, a,) (83)
and
Am ={a,,, 0,0, ) (84)

Substitution of Equations (83) and (84) into Equation (29)
yields

bak = ak + B8 (A, @, &) + TS (oA, @, B) (85)
v

UTER CYCLE RADIUS,a, > +/4/3

_|——INNER CYCLE RADIUS , o,< ./4/3

Fig. 6. Predicted radii of limit cycles of forced van der Pol
Equations (67).

3 . T T r T T
s L INNER GYCLE , 0.<./4/3
o‘x
ojo
b 4
OUTER CYCLE , o, >/4/3
° . . : X ;

-1 o} | 2 3 4 S =3 7
k

Fig. 7. Absolute values of parameter sensitivities of predicted
radii of limit cycles of forced van der Pol Equations (67).
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Since u; = y; with time-dependent phase, the integrals 'S,
and I'f,, defined by Equations (24) and (25), are evaluated
using Equations (67) and (79) to be

1 pte+T . @y,
ﬁ:--f v¥y, sin (9* ~ Ddt = ~v* —= (86)
TJ, 2

(]

and

1 ty+T
I = Ff T vy, + e (1 - v*2yd) ot y,
t

o

A
~ A sin t] cos (@* - Ddt - —v* %- 5 sin g% (8D

Allowing v* and ¢* to be the time-dependent variables v
and ¢ and combining Equations (85), (86), and (87), we get,
after simplifying

= in 4 (88)
Sva. sin ¢

The condition for stability of the limit cycle is readily es-
tablished if we introduce the perturbations

v=14+dv } (89)
CP:cPe‘FBCP

into Equation (88); that is
2(1 + dv)a,,

If the limit cycle is stable, Sv — 0 and 6 — 0, and
since sin @, = 0, Equation (90) is approximated by

8¢ = (sin ¢, cos 89 + cos @, sin 5¢)  (90)

5 = Cos PeSQ 9D

2a,,
Equations (91) and (77) show that a limit cycle is stable
provided & > 0 and unstable provided k < 0. The parameter
k is positive for @, = 0 or @, = 7 if A is positive or nega-
tive, respectively. Therefore the stable limit cycle is ex-
pected with @, =0 and A > 0 or with ¢ = wand A <0. In-
tegration of Equations (67) confirms the existence of this
stable limit cycle. Although there are two positive values
of a,, for - 0,77 <k <0, the two concentric unstable limit
cycles predicted by this cannot exist. We therefore con-
clude that the determining equations have an extraneous
solution. Backward integration of the system equations
(67) confirms the existence of the smaller of the two pre-
dicted unstable limit cycles when A and € are such that
-0.77 <k <0. This unstable limit cycle appears with
@e =mand A >0 or with @e =0 and A <0.

The numerically computed limit cycles of the forced
van der Pol equation are nearly circular orbits in the x, -x,
plane. Therefore the computed limit cycle radius is taken
to be the maximum value of x,. When this maximum value
is compared to the predicted radius a,,, agreement to within
3% is found when € =1 and -7 <A <7. Of particular .
interest is the accurate prediction of the small unstable
limit ecycle whose existence goes unnoticed by forward in-
tegration of Equations.(67).

Example 3

To test the application of the sensitivity analysis to a
set of three first-order nonlinear differential equations, let
us consider the monomer terminated addition polymerization
in a continuous stirred-tank reactor which was studied by
means of a Lyapunov function method by Warden, Aris, and
Amundson (42), They investigated the asymptotic stability
of a given steady state of the system for a choice of a pro-
portional control constant and indicated a region of stabil-
ity on projected planes in the three-dimensional state
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space. We give a more detailed analysis of this system
and explicitly show the dependence of the region of stabil-
ity on the control parameter.

The equations for heat and mass balance in dimension-
less coordinates as derived by Warden et al. become

T = =T — RT(T +0.25) ~0.002 [1 (1 + M) &°]
-0.802 [1 —-(1 + M1 + V) £2) (92)
M==M+0.04 [1 = (1 +M¢ge]
+4.0211 (1 + M1+ V) £2] (93)
V==V =21~ +MeT+1-Q+MA + VIl (949
where T is the deviation from steady state dimensionless

temperature, & = exp

T , k is the proportional control
1+T
parameter, M is the deviation from steady state dimension-
less monomer concentration, and V is the deviation from
steady state dimensionless zeroth moment of the polymer
concentration distribution. Therefore the steady state is
given by T=M=V =0,

To start the analysis let us introduce the approximations

£ =1+86T +127% + 6T (95)

and
£ =1+ 12T +60T? + 156 T (96)

Using Equations (95) and (96) in the heat and mass bal-
ance equations (92), (93), and (94), and retaining terms up
to third order, we get

T =(8.632 - 0.250 &) T + 0.804 M + 0.802V + (48.14 — k) T*
+9.63TM +9.82TV + 0.802MV + 125,01 T*
+48.14T*M + 9.62TMV +48.12T*V (97)

M = ~48.48T ~ 5.06M ~4.02V — 241.68 T * — 48.48 TM
~48.24 TV - 4.02MV - 627.36 T* - 241.68 T*M
~241.20T*V - 48.24 TMV (98)

V=M-2V -36T2~12TV - MV - 144T* ~ 36 T*M

~60T2V ~12TMV  (99)

An attempt to estimate the periodic behavior of T, M, and
V by v, ¥,, and y, of Equation (2) yields determining equa-~
tions which are difficult to solve, even numerically. In-
stead of using this approach we employ the method outlined
by Equations (33) to (43) and introduce further approxima-
tions so that numerical computation is unnecessary.

Stability information is first obtained by linearizing
Equations (97), (98), and (99) in the vicinity of the origin,
T =M=V =0. Application of the Routh-Hurwitz test to
the linearized system establishes that the origin is asymp-
totically stable if & > 15.92. Since we wish to investigate
the parameter variation effect on the size of the stability
region, the system is examined near & = 15.92. The com-
plex roots of the linear system characteristic equation and
the clockwise rotation of trajectories in the T-M plane
show that o varies from —-4.5 to ~5.2 for 15 < k£ <22, For
the investigation we choose w = -5 as a resonable approxi-
mation to the frequency of the oscillation. The character-
istic equation also shows that the origin is not a saddle
point if & > 2.56, so the approximate periodic solutions
corresponding to Equations (34) and (43) can be used in the
parameter range of interest. Since the continuous stirred-

tank reactor is an autonomous system, we let @ = @, =0,
and Equations (34) and (43) become

y, =r cos (=51 (100)
v, =r sin (=5¢) + ar cos (-5¢) (101)
Y3 = Qo + A3y COS (=BY) + by, sin (=5¢) (102)
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With i = 3, m = 1, Equations (6) and (29) to (102) yield
the determining equations for the coefficients of Equation
(102), It is assumed for simplicity in the calculations that
o is negligibly small, a;, can be dropped, and that a,, and
b,, are linear functions of r which vanish at r = 0 and
whose slopes for all r are represented with sufficient ac-
curacy by their slopes at r = 0,1. This gives

y; =0.197 cos (=58 + 0,097 sin (-5 (103)
To determine r and stability of the periodic solution, the
envelope equation (37) is required. The functions Q,,, @,,
and P,, in Equation (37) are obtained by first substituting
Equations (97), (98), (100), (101), and (103) into Equations
(4) and integrating to give

Qu(A(r, o), 0, k) =(0.125k - 4.40) r ~ 50.44r*

- 0(0.08r +18,75r%) (104)
Q. (A, o), 0, B) = 22,127 + 253,661
+0(2.53r +94.04r%) (105)
P, (A(r, @), 0, B) =2.71r + 34.06:°
+ (2,507 +0.54r%) (106)

Replacing r by vr in Equations (104) to (106) and combining
these with Equation (37), we get the envelope equation

vr3(1 + 0.5 = —r[(0.125k — 1.89 + 24.540 + 2.530) vr
- (16.38 - 235.450 — 94.04az)v3r3]

==rFwAlr, a), 0, k) (107

Substituting v = 1 into Equation (107), we solve for r as a
function of k and o; that is

ly 2
e 1/0.125k -1.69 + 24.540 + 2.530 (108)

- 16.38 - 235.450, - 94.04 .2

To determine the stability of the approximate periodic so-
lution we form the first partial derivative of F' on the right-
hand side of Equation (107) with respect to vr, evaluated at
v=1

OF(vA(r, @), 0, k)
dur

=0.125k ~ 1.69 + 24540

v=1

+2.530% - 3(16.38
~235.450. - 94.040%)r? (109)
Substitution of Equation (108) into Equation (109) yields
IF(wAlr, 0, 0, k)
dur

v=1
=-2(0.125k - 1.69 + 24.540 + 2.530») (110)

Then, from Equation (110) and Table 1, we expect that an
unstable periodic solution surrounds a stable origin if

S 1.69 -~ 24.540 - 2.5302
0.125

Since the origin is known from the linear analysis to be
stable for k > 15.92, two possible values of o determined
from inequality (111) are

o =-0.012
and (112)
o =~9.69

The coefficient o is assumed small so o = ~0.012 is sub-
stituted into Equations (108) and (110) to give

L, /0.125k —1.99
- 19.30 ’

k (111

k>1592 113
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dF (v A(r, =0.012), 0, k)
dur v=1

=3.98 - 0.25k <0;

k>15.92 (114)
Therefore an unstable periodic solution in the T-M plane is
approximated by Equations (100), (101), and (113) if
k> 15.92, Such an unstable periodic solution is a projec-
tion into the T-M plane of the boundary of the approximate
region of stability in the three-dimensional T-M-V space.
The approximation to the boundary of the stability region in
the T-V plane is given by Equations (100), (103), and
(113). From Equation (113) we expect this region of sta-
bility to increase for increasing k. Moreover, since the
magnitude of the partial derivative in Equation (114) in-
creases with &, the rate of convergence of a solutionto the
origin is expected to increase with k. Numerical integra-
tion of Equations (92), (93), and (94) confirms both that a
region of stability of increasing size surrounds the origin,
and that inside this region the rate of convergence of the
solution to the origin increases as k increases beyond
15.92. If k < 15.92 the origin is unstable. In this case,
since Equation (113) shows that r is imaginary, a limit
cycle around the origin does not exist. For & = 18, Fig-
ure 8 shows the numerically computed region of stability
and the region of stability predicted by o = -0.012 and
Equations (100), (101, (103), and (113). These results
differ from those obtained by Warden et al., who state that
the origin is a stable node for k > -9.4, is a saddle point
for k = -9.4, and that the system is stable in the entire
half space, T > -1, if k = =9 (42).

Stability information predicted without error correction is
evaluated by substituting o = 0 into Equations (108) and
(110) to give

/0.125k ~1.69
= 38 " k> 13.52 (115)
dF (wAlr, 0), 0, B)
Gvr v=1
=3.38 ~0.25k <0; k>13.52 (116)

Comparison of Equations (115) and (116) to Equations (113)
and (114), respectively, shows that without error correction
the critical value of % for stability is underestimated by
15% and that for k > 15.92 the predicted region of stability
is larger than that predicted using o = ~0.012., Figure 8
demonstrates the more conservative, and therefore safer,
estimate of the stability region obtained with error
correction,

T T T T L T T T T T T T T AE
5 b COMPUTED COMPUTED
STABILITY STABILITY
12 REGION 4 + REGION B
}-— BOUNDARY
-9 4 -3
(=3 2t T
3 - 1 | -
b3 Sl >0
-3 —
-6 | 4 -2 | ]
PREDICTED | PREDICTED PREDICTED
=9 | STABILITY ! PREDICTED 7| ~3 [ sTaewmy STABILITY
|-p | REGION STABILITY _.4 | REGION REGION
BOUNDARY REGION BOUNDARY BOUNDARY
“I'S F (=0} BOUNDARY (o= 0) (¢ « - -012)
L. . (< + 012) A B
-3-2-1 0 1 2 '3 -4 -3-2-1 0 1 2 3 4
T T

Fig. 8. Predicted and computed stability regions for Equations
(92), (93), and (94); k = 18.
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The choice of @ = -5 for the frequency of the oscillation
resulted in satisfactory estimates of the behavior of the
continuous stirred-tank reactor in the parameter range
15 <k <22, For other k, system behavior is simply ob-
tained by numerical integration with Equations (113) and
(114) as a useful guide.

CONCLUSIONS

The parameter sensitivity of a system is adequately pre-
dicted by examining the parameter variation effect on the
approximate solution to the set of differential equations
describing the system. This method of analysis, although
more difficult to apply than the averaging technique, gives
identical results for two-dimensional systems. But, it has
the advantage of being applicable to three-dimensional sys-~
tems, as was illustrated by the analysis of the monomer
terminated addition polymerization in a continuous stirred-
tank reactor. Once the difficulty of solving the set of de-
termining equations is overcome, the method should be also
effective for nonlinear systems of dimensionality greater
than three.
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NOTATION

a = coefficient in Equations (2)
A = amplitude of sinusoidal forcing function of van der Pol
equation
b = coefficient in Equations (2)
¢ = superscript denoting integral as defined in Equa-
tion (25)
d = differential notation
e = subscript denoting equilibrium
= arbitrary function
f = n-dimensional vector of arbitrary functions
F = scalar function of elements of @
i = subscript denoting the state variable or column of
matrix
j = coefficient or subscript in Equations (2); subscript
denoting row of matrix
k = adjustable parameter
m = coefficient or subscript denoting term in series
approximation
n = system dimensionality
P = function as defined by Equations (4)
@ = function as defined by Equations (4)
r = coefficient in approximate periodic solution as defined
by Equations (34)
s = superscript denoting integral as defined in Equation
(24)
S=(2m + 1)n by (2m + 1)n second derivative matrix
t = time
t, = arbitrary time
* =time in interval [t,, t, + T]
T = period of u; deviation from steady state dimension-
less temperature
u = n-dimensional vector of oscillating part of z
v = envelope of approximate general solution
v* = envelope evaluated at t*
V =deviation from steady state dimensionless zeroth
moment of polymer concentration distribution
x = n-dimensional space coordinate vector
y = n-dimensional approximate periodic solution vector as
defined by Equations (2)
z = n~-dimensional approximate general solution vector as
defined by equation (10}

~~
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Greek Letters
o = cotrection coefficient in Equations (34)

I' = 2mn-dimensional vector as defined by Equation (23)
& = parameter in forced van der Pol equation
€ = n-dimensional error term in Equation (13)
A =(2m + 1) n-dimensional vector as defined by Equa-
_ tion (3)
A =(02m + 1) n-dimensional vector as defined by Equa-
tion (21)
Am = 2mn-dimensional vector as defined by Equation (22)
¢ = dimensionless reaction rate
T = period of y
@ = phase
¢* = phase evaluated at t*
@ =(2m + 1) n-dimensional vector as defined by Equa-
tion (5)
w = frequency of y
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